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Abstract
In 1957, Kotzig proved that the line graph of a snark (non edge-3-colorable cubic graph) is
a 4-coloring-snark (non edge-4-colorable 4-regular graph). In this paper we present a reverse
construction, i.e., we construct snarks from 4-coloring-snarks. In a similar way, we construct
graphs without nowhere-zero 3-!ows from snarks.
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1. Introduction
By an edge-k-coloring of a loopless graph we mean an assignment of edges by
elements 1; : : : ; k so that for every vertex, the incident edges are assigned di:erent ele-
ments. We assume that graphs with a loop have no edge-k-colorings for any k¿ 1. By
a k-coloring-snark we mean a k-regular graph which does not admit edge-k-colorings.
Note that Meredith constructed in [11] nontrivial k-coloring-snarks for any k¿ 4.
A graph admits a nowhere-zero k-&ow if its edges can be oriented and assigned
numbers ±1; : : : ;±(k − 1) so that for every vertex, the sum of the values on the
incoming edges equals the sum of the values on the outgoing edges. Graphs which do
not admit nowhere-zero k-!ows are called k-&ow-snarks. It is well known that a graph
with a bridge (1-edge-cut) is a k-!ow-snark for any k¿ 2 (see, e.g., [6,8,14]). We
refer to [8] for more details about k-!ow-snarks. Note that k-!ow-snarks are called
k-snarks in [8] and k-coloring-snarks are called k-snarks or supersnarks in [2,3]. In
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the present paper, we change the notation in order to distinguish k-!ow-snarks from
k-coloring-snarks.
It is well known that a cubic graph has a nowhere-zero 4-!ow if and only if it has an
edge-3-coloring (see [6,8,14]). Thus, cubic 4-!ow-snarks are in fact 3-coloring-snarks.
Nontrivial 3-coloring-snarks are called snarks (see [1,3,8]). By nontrivial we mean
cyclically 4-edge-connected and with girth (the length of the shortest cycle) at least
5. Recall that a graph is cyclically k-edge-connected if deleting fewer than k edges
does not result in a graph having at least two cyclic components. Snarks were studied
very intensively (see, e.g., [1,3,8]) because among them one should End the smallest
counterexamples to the 5-!ow conjecture of Tutte [12] (every bridgeless graph has a
nowhere-zero 5-&ow) and the cycle double cover conjecture (every bridgeless graph
has a family of circuits which together cover each edge twice).
By Kofzig [10], the line graph of a cubic 4-!ow-snark is a 4-coloring-snark. In
the present paper, we shall describe a reverse construction, and show that 3- and
4-coloring-snarks give rise to 3- and 4-!ow-snarks, respectively.
2. Preliminaries
The graphs considered in this paper are all Enite and unoriented. Multiple edges and
loops are allowed. If G is a graph, then V (G) and E(G) denote the sets of vertices and
edges of G, respectively. By a multi-terminal network, brie!y a network, we mean a
pair (G;U ) where G is a graph and U=(u1; : : : ; un) is an ordered set of pairwise distinct
vertices of G. If no confusion can occur, then U also denotes the set {u1; : : : ; un}. The
vertices of U and V (G) \U are called the outer and the inner vertices of the network
(G;U ), respectively. We allow n= 0, i.e., U = ∅.
To any edge of G we associate two arcs, which are distinct (see also [8]). If one of
the arcs corresponding to an edge is denoted by x, then the other is denoted by x−1. If
the ends of an edge e are the vertices u and v, then one of the arcs corresponding to
e is directed from u to v, and the other is directed from v to u. In particular, two arcs
directed from a vertex to itself correspond to a loop based on the same vertex. Let
D(G) denote the set of arcs on G. Then |D(G)| = 2|E(G)|. If v∈V (G), then !G(v)
denotes the set of arcs of D(G) directed from v to V (G) \ {v}.
If G is a graph and A is an additive Abelian group, then an A-chain in G is a
mapping ’ : D(G)→ A, deEned by ’(x−1)=−’(x) for every x∈D(G). Furthermore,





is called the boundary of ’. An A-chain ’ in G is said to be nowhere-zero if ’(x) 
= 0
for every x∈D(G). If (G;U ) is a network, then an A-chain ’ in G is called an A-&ow
in (G;U ) if @’(v)=0 for every inner vertex v of (G;U ). The following statement was
proved in [8, Proposition 2.2].
Lemma 1. If ’ is an A-&ow in a network (G;U ), then
∑
u∈U @’(u) = 0.
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If k is an integer ¿ 2, then by a (nowhere-zero) k-&ow ’ in a network (G;U ) we
mean a (nowhere-zero) Z-!ow in (G;U ) such that |’(x)|¡k for every x∈D(G) and
|@’(u)|¡k for every u∈U .
To every A-!ow in a network (G;U ), where U = (u1; : : : ; un), we associate a char-
acteristic vector (’) = (z1; : : : ; zn) deEned by setting zi = 0 if @’(ui) = 0, and zi = 1
otherwise. The A-characteristic set A(G;U ) (k-characteristic set k(G;U )) of the
network (G;U ) is the set of all characteristic vectors (’), where ’ is a nowhere-zero
A-!ow (nowhere-zero k-!ow) in (G;U ).
By a (nowhere-zero) A-&ow and k-&ow in a graph G we mean a (nowhere-zero)
A-!ow and k-!ow in the network (G; ∅), respectively. Our concept of nowhere-zero
!ow in a graph coincides with the usual deEnition of nowhere-zero !ow as given by
Jaeger [6] and Zhang [14]. The following theorems, which were proved in [8, Section
2], generalize some classical results of Tutte (see [12,13]).
Theorem 2. Let (G;U ) be a network, and A an Abelian group of order k¿ 2. Then
(G;U ) has a nowhere-zero k-&ow if and only if (G;U ) has a nowhere-zero A-&ow.
Furthermore, k(G;U ) = A(G;U ).
Theorem 3. If a network (G;U ) has a nowhere-zero k-&ow, then it admits a nowhere-
zero (k + 1)-&ow. Furthermore, k(G;U ) ⊆ k+1(G;U ).
Thus, the study of nowhere-zero k-!ows is equivalent in certain sense to the study of
nowhere-zero A-!ows, where A is an Abelian group of order k. We shall use notation
k(G;U ) instead of A(G;U ) according to Theorem 2. A network (G;U ) is called a
k-&ow-snark if it has no nowhere-zero k-!ow.
3. Superjoin of multipoles
By a multipole we mean a triple M = (V; E; S) such that (V; E) is a graph and S is
a Enite set of semiedges of M (see [4]). Each semiedge is incident to one vertex (see
Fig. 1). Note that E ∩ S = ∅. The sets V and E are called the vertex set and the edge
set of M , respectively. The compacti;cation of M is the graph GM obtained from M
by adding a new vertex vM and replacing all semiedges of M by edges incident to
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semiedges of M , i.e., the cardinality of S. The valency of a vertex of M is its valency
in GM . Every semiedge incident to a vertex v determines one arc directed out of v.
Thus, the arc set of M , denoted by D(M), is equal to D(GM ) \!GM (vM ). Similarly as
for graphs, we deEne !M (v) = !GM (v) for every vertex v of M .
If A is an Abelian group and k an integer ¿ 2, then ’ : D(M)→ A (’ : D(M)→ Z)
is called an A-&ow (k-&ow) in M if there exists an A-!ow (k-!ow)  in GM such
that ’ is the restriction of  to D(M). Furthermore, ’ is nowhere-zero if ’(x) 
= 0
for every x∈D(M). Then, by Theorem 2, M has a nowhere-zero k-!ow if and only if
it has a nowhere-zero A-!ow, for any Abelian group A of order k. By Theorem 3, if
a multipole admits a nowhere-zero k-!ow, then it admits a nowhere-zero (k +1)-!ow.
Let M be a multipole. Then a superjoin of M is a network J(M) constructed as
follows. Replace each vertex v of M by a network J(v) = (Gv; (uy1 ; : : : ; uynv )) where{y1; : : : ; ynv} is the set of the arcs leaving v (it is the union of !M (v) and the set of
the arcs arising from the loops incident to v, i.e., nv is the valency of v in M). The
networks J(v) and J(v′) are disjoint if v 
= v′. For every edge e = v1v2 of M take
the arcs x1 and x2 arising from e and directed out from v1 and v2, respectively, and
identify the two outer vertices ux1 and ux2 of J(v1) and J(v2), respectively, to a new
inner vertex ve of J(M). We get a network J(M) = (G; (ut1 ; : : : ; utn)) where t1; : : : ; tn
are the arcs arising from the semiedges of M . For example, in Fig. 2 is depicted a
multipole N with semiedges s1; : : : ; s4 and a superjoin J(N ) = (G; (u1; : : : ; u4)) of N
arising from N by replacing each vertex in N by a network (K3; V (K3)).
Let ’ be an A-!ow in J(M). For every vertex v of M , D(Gv) is a subset of D(G)
and let ’v denote the restriction of ’ to D(Gv). Then ’v is an A-!ow in the network
J(v)=(Gv; (uy1 ; : : : ; uynv )). So we obtain
∑nv
i=1 @’v(uyi)=0 by Lemma 1. Furthermore,
if e= v1v2 is an edge of M and x1, x2 are the arcs arising from e and directed out of
v1, v2, respectively, then @’v1 (ux1 )=−@’v2 (ux2 ). Thus, we can deEne a !ow ’J in M
so that if x is an arc of M directed out of a vertex v, then
’J(x) = @’v(ux); (1)
where Gv and ux have the same meaning as above. We note that the construction
of superjoin has some features in common with that of superposition described in
[8]. For example, in Fig. 3(b) is a nowhere-zero Z3-!ow ’ in the network J(N ) =































Fig. 3. Flows ’J and ’.
(G; (u1; : : : ; u4)) drawn in Fig. 2. This !ow gives rise to a Z3-!ow ’J (see Fig. 3(a))
in the multipole N .
4. 4-Flow-snarks constructed from 4-coloring-snarks
A network (G;U ) is called k-even (k-odd) if every vector from k(G;U ) has an
even (odd) number of nonzero coordinates. The following statement was proved in [8,
Propositions 6.1 and 7.1].
Lemma 4. Let G be a k-&ow-snark, and H the graph arising from G by deleting the
edges uu1, uu2 and uu3, where u, u1, u2 and u3 are pairwise di?erent vertices of G.
Then (H; (u1; u2; u3)) is a k-even network.
It is known that the Petersen graph P is a snark. Let v be a vertex of P, and v1, v2
and v3 be the vertices of valency 2 in P−v (see Fig. 4). By Lemma 4, (P−v; (v1; v2; v3))
is a 4-even network. If u1; : : : ; un are the vertices of valency 1 in K1; n and n¿ 2 is
even (odd), then (K1; n; (u1; : : : ; un)) is k-even (k-odd) for any k¿ 2.
Proposition 5. Suppose that J(M) is a superjoin of a multipole M such that J(v)
is k-odd for an even (odd) number of vertices of M and otherwise it is k-even. Then












Proof. Let ’ be a nowhere-zero Zk -!ow in J(M). By (1), ’ induces a Zk -!ow ’J
in M . Delete from M the edges and semiedges which are associated with the arcs
x satisfying ’J(x) = 0. Denote the resulting multipole by M ′. Then M ′ has an even
(odd) number of vertices of odd valency, whence the number of the semiedges in
M ′ is even (odd). Thus, every vector from k(J(M)) has an even (odd) number of
nonzero coordinates. This implies the statement.
A network (G; (u1; : : : ; u4)) is called 4-color if @’(ui) 
= @’(uj) for every nowhere-
zero (Z2 × Z2)-!ow ’ in (G; (u1; : : : ; u4)) and any i; j∈{1; : : : ; 4}, i 
= j.
Proposition 6. Every 4-odd network with four outer vertices is a 4-color.
Proof. It follows from Lemma 1 and the arithmetic in the group Z2 × Z2.
Thus, 4-color networks can be constructed by using Propositions 5 and 6. For ex-
ample, consider a superjoin of the multipole M in Fig. 1 so that Eve vertices are
replaced by copies of the 4-even network (P − v; (v1; v2; v3)) in Fig. 4 and the last
vertex is replaced by K1;3. We get the network (H; (u1; : : : ; u4)) depicted in Fig. 5. By
Proposition 5, (H; (u1; : : : ; u4)) is 4-odd, whence, by Proposition 6, also 4-color. Using
4-color networks we can transform every 4-coloring-snark to a 4-!ow-snark applying
the following statement.
Proposition 7. If a graph G is a 4-coloring-snark and J(G) is a superjoin of G such
that J(v) is a 4-color for every v∈V (G), then J(G) is a 4-&ow-snark.
Proof. Let ’ be a nowhere-zero (Z2×Z2)-!ow in J(G). Then assign to each e∈E(G)
the value ’J(x)=’J(x−1)=−’J(x) (the identity a=−a holds in Z2×Z2), where x
and x−1 are the opposite arcs arising from e. We get an edge-4-coloring of G by the
elements of the group Z2 × Z2—a contradiction.




Let G′ be the 4-coloring-snark depicted in Fig. 6. Consider a superjoin of G′ so
that the vertices are replaced by copies of the network (H; (u1; : : : ; u4)) from Fig. 5.
We get the graph H ′ depicted in Fig. 6. By Proposition 7, H ′ is a 4-!ow-snark.
Replacing the vertices of H ′ of valency 4 by two vertices of valency 2 and sup-
pressing the latter ones we get a cubic graph H ′′ depicted in Fig. 7. By results of
[8], H ′′ is also a 4-!ow-snark. Since H ′′ is cubic, cyclically 4-edge-connected and
has girth 5, H ′′ is a snark. Applying a similar construction for a 4-edge-connected
4-coloring-snark of order n, we get a cyclically 5-edge-connected snark of
order 34n.
If we apply this construction to a 4-coloring-snark of an odd order, then the resulting
graph is also a snark from results of [5] and [8, Section 10.5] (where it was proved
that if J(G) is a superjoin of a graph G such that J(v) is 4-odd for an odd number
of vertices of G and otherwise it is 4-even, then J(G) is a 4-!ow-snark). This is not
possible if we use 4-coloring-snarks of even orders. Constructions of 4-edge-connected
4-coloring-snarks of even orders were presented in [11]. By Kofzig [10], 4-coloring-
snarks with this property are also line graphs of snarks with an even number of edges
(constructed, e.g., in [8]).
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5. 3-Flow-snarks constructed from 3-coloring-snarks
A network (G;U ) is called k-proper if every vector of k(G;U ) has all coordinates
equal to 1. The following statement was proved in [8, Proposition 6.2].
Lemma 8. If a graph G is a k-&ow-snark and u1 and u2 are two di?erent vertices of
G, then (G; (u1; u2)) is a k-proper network.
A network (G;U ) is called k-stable if every vector of k(G;U ) has equal coordi-
nates. We need only 3-stable networks here. (General constructions of k-stable networks
were given in [9].)
Lemma 9. Let u1; u2; u3 be the (pairwise nonadjacent) vertices of valency n in K3; n,
n¿ 1. Then (K3; n; (u1; u2; u3)) is a 3-stable network.
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Proof. Let v be a vertex of valency 3 in K3; n, and ’ a nowhere-zero Z3-!ow in
(K3; n; (u1; u2; u3)). Then ’ has the same value on all arcs directed out of v. This
implies the statement.
A network (G; (u1; u2; u3)) is called 3-color if @’(ui) 
= @’(uj) for every no-where-
zero Z3-!ow ’ in (G; (u1; u2; u3)) and i; j∈{1; 2; 3}, i 
= j.
Proposition 10. Let (G; (u1; u2; u3)) be a 3-stable network, and (G′; (u′1; u
′
2)) a 3-proper
network. Let G′′ denote the graph obtained from G and G′ by identifying the vertices
u1; u′1 and u2; u
′




2 , respectively. Then (G
′′; (u′′1 ; u
′′
2 ; u3)) is a
3-color network.
Proof. It follows from Lemma 1 and the arithmetic in the group Z3.
For example, in Fig. 8 we have drawn a 3-stable network (K3;2; (u1; u2; u3)) and a
3-color network (G5; (u1; u2; u3)) so that G5 − u1u2 = K3;2.
Proposition 11. Let G be a 3-coloring-snark, and MG the multipole obtained from G
by subdividing every edge e of G with a new vertex we and attaching a new semiedge
se to we. Take a superjoin J(MG) such that J(v) is a 3-color for every v∈V (G)
and J(we) is 3-stable for every e∈E(G). Then J(MG) is a 3-&ow-snark.
Proof. Let X =∪{!MG (we); e∈E(G)} and MG =(V; E; S). For every h∈E∪S, denote
by xh the arc arising from h and belonging to X . Suppose that ’ is a nowhere-zero
Z3-!ow in J(MG). Then color each h∈E∪S by ’J(xh). We get a coloring of the edges
and semiedges of MG by elements of Z3 so that the edges incident to a vertex v∈V (G)
are colored by pairwise di:erent colors and the edges and the semiedge incident to
a vertex we, e∈E(G), are colored by the same color. This gives a 3-coloring of the
edges of G, which cannot exist. Thus J(MG) is a 3-!ow-snark.
For example, let G2 be the 3-coloring-snark depicted in Fig. 9. Applying the con-
struction from Proposition 11 so that the edges of G2 are replaced by copies of
(K3;2; (u1; u2; u3)) and the vertices of G2 are replaced by copies of (G5; (u1; u2; u3))
we get the 3-!ow-snark (G19; (w1; w2; w3)) depicted in Fig. 9.
Note that if a network (G;U ) is a k-!ow-snark, then G is also a k-!ow-snark. Thus,
by Proposition 11, we can construct 3-!ow-snarks from 3-coloring-snarks (or from
snarks). It is known (see, e.g., [6,14]) that a cubic graph is a 3-!ow-snarks if and only





if it is not bipartite. Thus, we are not interested in cubic 3-!ow-snarks. On the other
hand, the 3-!ow conjecture of Tutte (see [6,7,14]) is equivalent with the statement that
every bridgeless 3-!ow-snark has a 3-edge-cut.
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